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Abstract. In this paper we show that the universal C*-algebra satisfying the Cuntz- 
Li relations is generated by an inverse semigroup of partial isometries. We apply Exel's 
theory of tight representations to this inverse semigroup. We identify the universal 
C*-algebra as the C*-algebra of the tight groupoid associated to the inverse semigroup. 



I. Introduction 

Let R be an integral domain with only finite quotients. Assume that R is not a field 
and let K be its field of fractions. We denote the set of non-zero elements in R (resp. K) 
by R x (resp. K x ). In [CLIOj . Cuntz and Li studied the C*-algebra, denoted 2l r [i?], on 
£ 2 (R) generated by the isometries induced by the multiplication and addition operations 
of the ring R. They showed that it is simple and purely infinite. It was also shown 
that this C*-algebra is the universal C*-algebra generated by isometries satisfying the 
relations reflecting the semigroup multiplication in R x R x and one more important 
relation satisfied by the range projections. Also it was shown that 2l r [i?] is Morita- 
equivalent to a crossed product of the form Cq(1Z) x (K x K x ) where 1Z is a locally 
compact Hausdorff space. For R — Z, 1Z — A/ is the space of finite adeles. Alternate 
approaches to the algebra %.[R] were considered in |KLQ11| , |BE10j . and [Sunllj . 

In |KLQ11 , the situation in |CL10j was abstracted. Consider a semidirect product 



N x H and a normal subgroup M of N. Let P := {a G H : aMa 1 C M}. Then P is a 
semigroup. In |KLQ11 ,under certain hypotheses regarding the pair (G = Nx\H, M), the 



crossed product algebra Co(iV) x G was considered. Here iV is the profinite completion of 
iV with respect to the group topology induced by the neighbourhood base {oMo -1 }^ 
at the identity. Let M be the closure of M in N. In |KLQ11] , it was shown that 
the crossed product algebra C (N) x G is Morita-equivalent to the C*-algebra of the 
groupoid iV x G\jf. In |KLQ11| , It was shown that when H is abelian, C*(N x G\ 



\M) 



2010 Mathematics Subject Classification. 46L05, 20M18. 

Key words and phrases. Inverse semigroups, Groupoids, Cuntz-Li relations, Tight representations. 



2 



S. SUNDAR 



is the universal C*-algebra generated by isometries satisfying the relations reflecting the 
semigroup multiplication in M x P and one more important relation among the range 
projections. They also obtained sufficient conditions which will ensure that the reduced 
C*-algebra C* ed (N x G\jj) is simple and purely infinite. 

Our objective in this paper is to weaken the hypothesis that H is abelian. Instead we 
assume H = PP~ l = P~ X P. This allows us to consider pairs like (Q n x GL n (Q),Z n ). 
Also we start with the universal C*-algebra, denoted 21 [AT X H, M], generated by isome- 
tries satisfying the Cuntz-Li relations (See Defn. 12.111 ) We show that 21 [AT x H , M] is 
generated by an inverse semigroup of partial isometries denoted by T. We show that 
2l[AT x H, M] is isomorphic to the C*-algebra of the groupoid Gughti considered in |Exe 08j. 
of the inverse semigroup T. We also identify the groupoid Gtight explicitly and show that 
Gtight is isomorphic to A x G\jj. The author had done a similar analysis for the Cuntz-Li 
algebra associated to the ring Z in [Sunllj . At the end of this paper, we prove a duality 
result analogous to the duality result obtained in |CL11] . 

2. Semidirect products and the Cuntz-Li relations 

Let G = N x H be a semidirect product and let M be a normal subgroup of N. Let 
P := {a G H : aMa~ l C M}. Then P is a semigroup containing the identity e. Assume 
that the following holds. 

(CI) The group H = PP' 1 = P~ X P. 

(C2) For every a G P, the subgroup aMa~ x is of finite index in M. 

(C3) The intersection C\ aMa^ 1 = {e} where e denotes the identity element of G. 

aGP 

Let U = {aMa~ l : a G H}. In |KLQ11|, the following conditions were required to be 
satisfied. (Cf. Section 2 in |KLQ11| .) 

(El) Given U,V € W, there exists W G U such that W C U n V. 
(E2) If U, V G U and U c V then U is of finite index in V. 
(E3) The intersection O U — {e}. 

U&A 

We claim that (El) is equivalent to the condition H = PP^ 1 . Assume (El). Let 
a G H be given. Then there exists c G H such that a -1 Ma HMD cMc -1 . Then c G P 
and ac G P. Note that a = (ac)c -1 G PP^ 1 . Thus we have = PP^ 1 . 

Now suppose if = PP^ 1 . First note that for every a, b G P, aP fl 6P is non-empty. 
Now let c,d G if be given. Write c = aia^ 1 and d = 6162 1 with a^, 6j G P. Choose 
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a, /3 G P such that a\a = b\f3. Let a := a x a. Then c l a = a 2 a G P. Similarly d 1 a G P. 
Hence aMa~ l C cMc -1 n dMdr 1 . Thus (El) holds. 

Given (El), note that (E3) is equivalent to (C3). For if a G H, there exists b G P 
such that aMa~ l HMD bMb~ l . Thus for every a G if, aMa' 1 D D^pbMb' 1 . Hence 
flc/^C/ = na G p aMa_1 - Thus S iven ( E1 )> ( E3 ) is equivalent to (C3). Clearly (E2) is 
equivalent to (C2). 

Remark 2.1. In |KLQ11| , the Cuntz-Li algebra associated to the pair ( Cf. defn \2.11\) 
(N » H, M) was considered when H is abelian. ( Cf. Hypothesis 9.2 and Theorem 9.11 in 
|KLQ11] .) Here, we consider a slightly more general situation. We assume H = P~ 1 P = 



Remark 2.2. The condition H = P _1 P = PP^ 1 is equivalent to saying that P generates 
H and P is right and left reversible i.e. given a,b G P, the intersections Pa D Pb and 
aP R bP are non-empty. Cancellative semigroups which are right (or left) reversible are 
called Ore semigroups. For more details on Ore semigroups, we refer to |CP61j . 

A semigroup P is called right reversible (left reversible) if Pa (1 Pb (if aP DbP) is 
non-empty for every a,b G P. 

Throughout this article, whenever we write G = N x H and M is a normal subgroup 
of N, we assume that conditions (CI), (C2) and (C3) hold. For a G P, let M a = aMa^ 1 . 
We will use this notation throughout. 



Lemma 2.3. Let G = N x H and M be a normal subgroup of N. Let Nq := I J a Ma. 



Then N is a subgroup of N and is invariant under conjugation by H. 

Proof. First observe that iVo is closed under inversion. Let a, b G P be given. Choose 
an element c in the intersection Pa fl Pb. Then o _1 Ma C c _1 Mc and b~ x Mb C cr x Mc. 
Now it follows that iVo is closed under multiplication. Thus iVo is a subgroup of N. 

Obviously iVo is invariant under conjugation by P~ l . Let a, b G P be given. Since 
P is right reversible, there exists c,d G P such that ab~ l = c~ 1 d. Now observe that 
a(b~ l Mb)a~ 1 = c~ l (dMd~ 1 )c C c~ 1 Mc Thus it follows that iVo is closed under conjuga- 
tion by P. This completes the proof. □ 

Remark 2.4. As a consequence of Lemma \2.3[ we may very well assume as in |KLQ11| 
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Let us consider a few examples which fits the setup that we are considering. 

Example 2.5 ( |CL10j ). Let R be an integral domain such that for every non-zero m G R, 
the ideal generated by m is of finite index in R. Assume that R is not a field. We denote 
the field of fractions of R by Q and the set of non-zero elements in Q by Q x . The 
multiplicative group Q x acts on Q by multiplication. Now let N := Q, H := Q x and 
M := R. Then P = R x where R x denotes the set of non-zero elements in R. Then 
conditions (Cl)-(CS) hold for the pair (N x H,M). 

Example 2.6 ( |KLQ11| ). Let F be a finite group and consider the direct sum N := @iF . 
Then H := Z acts on N by shifting. Let M := (BnF be the normal subgroup of N. Then 
it is easily verifiable that the pair (N x H,M) satisfies the hypothesis (C1)-(C3). 

In the following two examples, we think of elements of Q n as column vectors. 

Example 2.7. Let A be a n x n integer dilation matrix. In other words, A is an n x n 
matrix with integer entries such that every complex eigen value of A has absolute value 
greater than 1. Note that A is invertible over Q and | det(A)| > 1. The matrix A acts on 
Q n by matrix multiplication and thus induces an action ofL on Q n . We let the generator 
1 of Z act on Q n by l.v = Av for v G Q n . Let N := Q n , H := Z and M := Z n . Then 
P = N. Let us verify the hypothesis (C1)-(C3). 
(CI) Note that H is abelian and H = PP' 1 = P~ l P. 

(C2) For r > 0, the index of A r Z n is of finite index in Z™ and in fact its index is 
\det{A)\ r . 

(C3) Lemma 4-1 of [EaHRlOj implies that the operator norm \\A~ m \\ converges to as 

oo 

m tends to infinity. Thus i/0^i;6 A r T, n , then for every m > 0, A~ m v G Z n . 

Thus we have 1 < ||yl _m f|| < | |A~ m | 1 1 \v \ \ which is a contradiction. Thus (C3) 
holds. 

The case n = 1 and A = p where p is a prime number was discussed in |SL10aj . In 
the previous example, we can consider integer matrices other than dilation matrices. It 
is possible that (C3) is satisfied for an integer matrix A such that |det(v4)| > 1 and 
flr>o A r 7j n = {0} without A being a dilation matrix. In fact we have the following nice 
characterisation of condition (C3) when n = 2. 

Lemma 2.8. Let A be a 2 x 2 matrix with integer entries. Assume that \ det(A)\ > 1. 
Then the following are equivalent. 
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(1) The intersection A r l? is trivial. 

r>0 

(2) Neither 1 nor — 1 is an eigen value of A. 

Proof. Suppose f] r>Q A r Z 2 = {0}. If 1 is an eigen value of A then there exists a 
non-zero v G Q 2 such that Av = v. By clearing denominators, we can assume that 
v G Z 2 . Then clearly v G O v4 r Z 2 . Thus we have shown that 1 is not an eigen value of 

r>0 

A. Similarly we can show —1 is not an eigen value of A. 

Now assume that neither 1 nor —1 is an eigen value of A. Let r r := A rr L 2 and 
r := Hr>o r r- Since T C T r C Z 2 , we have [Z 2 : T] > [Z 2 : T r ] = | det(A)\ r . Hence T 
cannot be of finite index in Z 2 . This implies that T is of rank atmost 1. If T is rank 1 
then there exists a non-zero v G Z 2 such that T = Zt> . But A : T — > T is a bijection. 
Thus it must either be multiplication by 1 or by —1. In other words, v is an eigen vector 
for A with eigen value 1 or —1. This is a contradiction. Thus T cannot be of rank 1 
which in turn implies T = {0}. This completes the proof. □. 

"0 2 



The matrix A 



has eigen values \/3 — 1 and —y/3 — 1. But A is not a 



1 -2 

dilation matrix but still (C3) holds for A. 

Remark 2.9. It is not clear to the author whether (C3) can be characterised in terms 
of eigen values of the matrix in the higher dimensional case. 

Let us now consider an example where H is non-abelian. 

Example 2.10. Let N = Q n and H be a subgroup of GL n (Q) containing the non-zero 



scalars. Just as in Example \2. 1\ H acts on N by matrix multiplication. Let M = Z ra . 



Then P consists of elements of H whose entries are integers. 

(CI) Let A G H be given. Then there exists a non-zero integer m such that mA 

Am G P. Hence H = PP' 1 = P~ X P . 
(C2) For A G P, the subgroup AT/ 1 is of finite index and its index is \ det(A)\. 
(C3) Since f] mZ n = {0}, it follows that f] AT 1 = {0}. 



Definition 2.11. LetG := N>iH be a semidirect product and M be a normal subgroup of 
N such that (Cl)-(CS) holds. We let 2t[JV x H, M] be the universal C* -algebra generated 
by a set of isometries {s a : a G P} and a set of unitaries {u(m) : m G M} satisfying the 
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u(m)u(n) = u{mn) 
s a u(m) = u(ama~ 1 )s, 



a 



u(k)e a u(ky l = 1 



keM/M a 



where e a denotes the final projection of s a . 

Note that u(/c)e a u(/c) _1 depends only on the coset k(M a ). Moreover if k\ and &2 he in 
different cosets of M a then ti(fci)e a M(fci) _1 and u{k2)e a u{k2)~ 1 are orthogonal. 

For a G P and m G M, consider the operators S a and U(m) on £ 2 (M) §§t 2 (H) defined 
as follows 



Then s a — > S a and u(m) — > U(m) gives a representation of 21 [AT xi H, M] on the Hilbert 
space £ 2 (M) ® £ 2 (H). Let us call this representation the regular representation and 
denote its image by 2l r [iV x H, M] . 

Remark 2.12. It should be noted that the regular representation for integral domains 
considered in [CLIOj is different from ours. 

3. An Inverse semigroup for the Cuntz-Li relations 

The main aim of this section is to show that the C*-algebra 21 [AT X H, M] is generated 
by an inverse semigroup of partial isometries. We begin with a lemma similar to Lemma 
1 of Section 3.1 in [ CL"T0] . 

Lemma 3.1. For every a, b G P, one has 



S a (5 n <g> S b ) : = 5 ana -i g> 5, 
U(m)(b~ n ®5 b ):= 5 mn <g> 5 b . 



'ab 




k€M/M b 
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Proof. One has 



= s a ( ^ u{k)e b u{k) l )s* a 

keM/M b 

= w(aA;a _1 )s a ebS*u(aA;a _1 ) _1 
keM/M b 

= u{aka~ 1 )e a \ ) u{aka~ 1 )~ 1 

keM/M b 

This completes the proof. □ 
Let X be the linear span of {■u(fc)e;,u(A;)~ 1 : b G P,k G M}. Denote the set of 
projections in X by F . By Lemma 13.11 and the left reversibility of P, it follows that 
/ G F if and only if there exists b £ P such that / is in the linear span of {M(fc)e;,M(fc) _1 }. 
The following lemma is an immediate corollary of Lemma 13.11 and the fact that P is left 
reversible. 



Lemma 3.2. The set F is a commutative semigroup of projections. Moreover F is 
invariant under the maps x — > Sbxsl for every b G P and x — > u(m)xu(m)~ 1 for every 
m G M. 



Now we show that F is also invariant under conjugation by s* for every a G P. 

Lemma 3.3. Let a G P be given. If f G F, then s*f s a G F . Moreover, s*u(m)ebu(m)~ 1 s, 
is in the linear span of {u(k)e a -i c u(k)~ 1 } where c is any element in aP D bP. 

Proof. Let a G P and / G F be given. First observe that s*fs a is selfadjoint. Also 

(s*af'Sa) 2 = S*Js a S*Js a 

= s*Je a fs a 

= s*e a fs a ( Since F is commutative ) 

= s*Js a 

Thus s* a fs a is a projection. Now to show that s* a fs a G F, it is enough to consider the case 
when / = u(m)ebu(m)~ 1 . Now let c G aP fl bP and write c = aa = bj3 with a, (3 £ P. 
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Let r±, r 2 , ■ • • , r n be distinct representatives of M/Mp. Then by Lemma T3.14 it follows 
that 

n 

s* a u(m)ebu(m)~ 1 s a = s* a u(mbr i b~ 1 )ei J i3u(mbr i b~ 1 )~ 1 s a 

i=i 

n 

= ^2 S a M ( m&r i & ~ 1 ) e aoM(^^i^ 1 ) _1 S a 



t=l 



The term SaU(mbr i b~ 1 )e ao ,u(mbr i b~ 1 )~ 1 s a survives if and only if e aa u(mbr i b~ 1 )s a ^ 
and that is if and only if e aQ ,w(mferjfe~ 1 )e a 'u(m&rj&~ 1 )~ 1 ^ 0. But by Lemma 13.11 this 
happens precisely when there exists tj G M/M a such that rabr^br 1 = atja _1 modM oa . 
Let 

A := {i : There exists t{ such that mbr^ x = at^ar 1 mod M aa }. 
For every i <E A, choose U such that m&rjfe -1 = at^a -1 mod M aQ . Now we have 



s*w(m)e&w(m) 1 g a = s* a u{mbrjb 1 )e aa u(mbr i b 1 ) 1 s 

i=i 

= ^2 s* a u(mbr i b~ 1 )e aa u(mbrib'' 1 y 1 s 
= '^s* a u(at i a~ 1 )e aa u(at i a~ 1 )~ 1 s a 
= ^n(ti)s*e aa s a M(ti) _1 

i£A 

= ^M(ti)e Q M(ti) _1 



ieA 

This completes the proof. □ 
Let us isolate the computation in the previous lemma in a remark. This will be used 
later. 

Remark 3.4. Let a,b G P be given. Let c G aP fl bP . Choose a and (3 in P such 
that c = aa = b(3 . Conjugation by a sends M a to M c . Thus we get a map denoted 
7t® : M/M a — >• M/M c . Similarly conjugation by b gives a map 7fg : M/Mp — > M/M c . 
Note that both tt 1 ^ and 7i b o are injective. Denote the quotient map M — > M/M c by q c . For 
m G M, define 

A m := {r G M/Mp : g c (m)vr^(r) G <(M/M Q )}. 
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Then the computation in Lemma Iff. 31 can be restated as follows 



s* a u(m)e b u(m) 1 s a = ^ «(«) ^(m)7rj(r)))e a u((<) '(^(m^r))) 



-i 



Now we show that 2t[iV x P, M] is generated by an inverse semigroup of partial isome- 
tries. 

Proposition 3.5. Let T := {slu(m)fu(m')s a > : m,m G M,a,a G P, and f G F}. 

T/ien T an inverse semigroup of partial isometries containing 0. Moreover the set 
of projections in T coincides exactly with F. Also the linear span of T is a dense *- 
subalgebra of%[N x H,M}. 

Proof. The fact that T is closed under multiplication follows from the following cal- 
culation. Let ai, a,2, b\, b 2 G P, mi, m 2 , m, n 2 G M and e, / G F be given. Choose 
c G Pfei fl Pa 2 and write c as c = fibi = aa 2 - Observe that 

s* ai u(m l )eu{m 2 )s a2 sl i u{n 1 )fu{n2)s b2 

= sl 1 u(m 1 m 2 )u(m2 1 )eu(m2)sls a s a2 sl 1 spi3u(n 1 )fu(n^ 1 )u(n 1 n 2 )s b2 

= s* 1 M(mim2)u(m 2 " 1 )eu(m 2 )s*-5aa 2 4bi' s /3 M ( n i)/ M ( r2 r 1 ) M ( n i n 2)s b2 

= s^ulmxm^slsaulm^eulm^slscsls^uin^fuln^slspulnxn^s^ 

= sl l sl l u{am 1 m 2 a~ 1 ){s a u{m^ 1 )eu{m 2 )sl)e c {spu(n 1 )fu^ 

= s^ ai u(am 1 m 2 a' 1 ){s a u(m2 1 )eu(m 2 )sl)e c {si } u(n 1 ^ 

= s* ai M(amim 2 a _1 )(s a es*)e c (s /3 /spM(/3nin 2 /3" 1 )s / 3 62 

where e = M(m 2 ~ 1 )eM(m 2 ) and / = u{n\) f 'n(ni) -1 . The above calculation together with 
Lemma 13.21 implies that T is closed under multiplication. Obviously T is closed under 
the involution *. 

Now let us show that every element of T is a partial isometry. Let v := s^u(m)fu(m')s a ' 
be an element of T. Then 



Now Lemma 13.21 and Lemma 13.31 implies that vv* G F. Thus we have shown that 
every element of T is a partial isometry and the set of projections in T coincides with 
F. In other words T is an inverse semigroup. 

Since T is closed under multiplication and involution, it follows that the linear span 
of T is a *-algebra. Moreover T contains {s a : a G P} and {u(m) : m G M}. Thus the 
linear span of T is dense in Ql[N x H, M]. This completes the proof. □ 
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The following equality will be used later. Let 01,02,61,62 G P and m^m-i G M be 
given. Choose c G P&i fl Pa 2 and write c as c = /3&i = aa 2 . Now the computation in 
Proposition 13.51 gives the following equality 

(3.1) s* ai u{m 1 )s bl s* a2 u{m 2 )s b2 = s* fiai u((3m 1 (3~ 1 )e c u(am 2 a~ 1 )s ab2 

Remark 3.6. We also need the following fact. IfvET, let us denote its image in the 
regular representation by V. Observe that v 7^ if and only if V 7^ 0. This is clear for 
projections in T. Now let v G T be a non-zero element. Then vv* G F is non-zero. Thus 
VV* 7^ which implies 

In the remainder of this article, we reserve the letter T to denote the inverse semigroup 
in Proposition 13.51 and F to denote the set of projections in T. 

4. Tight representations of inverse semigroups 

In this section, we show that the identity representation of T in 2l[iV x H, M] is tight in 
the sense of Exel and the C*-algebra of the tight groupoid associated to T is isomorphic 
to 21 [iV xi H, M]. First let us recall the notion of tight characters and tight representations 
from |Exe08] . 

Definition 4.1. Let S be an inverse semigroup with 0. Denote the set of projections in 
S by E. A character for E is a map x : E — > {0, 1} such that 

(1) the map x is a semigroup homomorphism, and 

(2) x(0) = 0. 

We denote the set of characters of E by Eq. We consider Eq as a locally compact 
Hausdorff topological space where the topology on E is the subspace topology induced 
from the product topology on {0, 1} E . 

For a character x of E, let A x := {e G E : x(e) = 1}. Then A x is a nonempty set 
satisfying the following properties. 

(1) The element ^ A x . 

(2) If e G A x and f > e then / G A x . 

(3) If e,/ G A x then ef G A x . 

Any nonempty subset A of E for which (1), (2) and (3) are satisfied is called a filter. 
Moreover if A is a filter then the indicator function 1^ is a character. Thus there is a 
bijective correspondence between the set of characters and filters. A filter is called an 
ultrafilter if it is maximal. We also call a character x maximal or an ultrafilter if its 



CUNTZ-LI RELATIONS, INVERSE SEMIGROUPS AND GROUPOIDS 11 

support A x is maximal. The set of maximal characters is denoted by and its closure 
in E is denoted by E tight . 

We refer to [Su nllj (Corollary 3.3) for the proof of the following lemma. 

Lemma 4.2. Let A be a unital C* -algebra and E C A be an inverse semigroup of 
projections containing {0,1}. Suppose that E contains a finite set {ei,e2, ••• ,e„} of 
mutually orthogonal projections such that Y^i=i e « = 1 ■ Then for every maximal character 
x of E, there exists a unique e, for which x(ej) = 1. 

Let us recall the notion of tight representations of semilattices from |Exe08] and from 
|Exe09] . The only semilattice we consider is that of an inverse semigroup of projections or 
in other words the idempotent semilattice of an inverse semigroup. Also our semilattice 
contains a maximal element 1. First let us recall the notion of a cover from |Exe08] . 

Definition 4.3. Let E be an inverse semigroup of projections containing {0,1} and Z 
be a subset of E. A subset F of Z is called a cover for Z if given a non-zero element 
z G Z there exists an f G F such that fz^O. A cover F of Z is called a finite cover if 
F is finite. 

The following definition is actually Proposition 11.8 in |Exe08j 

Definition 4.4. Let E be an inverse semigroup of projections containing {0,1}. A 
representation o : E — >■ B of the semilattice E in a Boolean algebra B is said to be 
tight if cr(0) = and given e ^ in E and for every finite cover F of the interval 
[0, e] := {x G E : x < e), one has sup j eF o~(f) = <x(e). 

Let A be a unital C* algebra and S be an inverse semigroup containing {0, 1}. Denote 
the set of projections in S by E. Let a : S — > A be a unital representation of S as partial 
isometries in A. Let a(C*(E)) be the C*— subalgebra in A generated by c(E). Then 
a(C*(E)) is a unital, commutative C*— algebra and hence the set of projections in it is 
a Boolean algebra which we denote by B (T {a*{E))- We say the representation a is tight if 
the representation a : E — > B a (c*(E)) is tight. The proof of the following lemma can be 
found in [Sunllj (Lemma 3.6, page 7). 



Lemma 4.5. Let X be a compact metric space and E C C(X) be an inverse semi- 
group of projections containing {0,1}. Suppose that for every finite set of projections 
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{fiy /2, • • ■ , fm} i n E, there exists a finite set of mutually orthogonal non-zero projec- 
tions {ei, &2i ■ • ■ , e n } in E and a matrix (a^-) such that 

n 
i=l 

/.=£««*,■ 

T/ien t/ie identity representation of E in C(X) is tight. 

As in |Sunllj . we prove that the identity representation of T in 2l[iV x H, M] is tight. 

Proposition 4.6. The identity representation of T in Ql[N xi H, M] is tight. 

Proof. We apply Lemma l4"75l Let {/i, /2, • - • , / n } be a finite set of projections in T. By 
definition, given i there exists ^ e P such that /j is in the linear span of {u{k)e ai u(k)~ 1 } . 

n 

Let c G O a^P. By Lemma 13.11 it follows that for every i, fi is in the linear span of 

i=l 

{M(/c)e c -u(/c) _1 : k G M/cMc^ 1 }. Appealing to Lemma 14.51 we can conclude that the 
identity representation of T in 21 [AT x H, M] is tight. This completes the proof. □ 

Now we show that 21 [iV x H, M] is isomorphic to the C*-algebra of the groupoid Qu g ht 
associated to T. For the convenience of the reader, we recall the construction of the 
groupoid Gughti considered in [Exe08| . associated to an inverse semigroup with 0. 

Let S be an inverse semigroup with and let E denote its set of projections. Note 
that S acts on E partially. For x G E and seS, define (x.s)(e) = x(ses*). Then 

• The map x.s is a semigroup homomorphism, and 

• (x.s)(0) = 0. 

But x.s is nonzero if and only if x(ss*) = 1. For s G S, define the domain and range of 
s as 

D s : = {x G E : x(ss*) = 1} 
R s : = {x G E : x(s*s) = 1} 

Note that both D s and R s are compact and open. Moreover s defines a homeomorphism 
from D s to R s with s* as its inverse. Also observe that Eu g ht is invariant under the 
action of S. 
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Consider the transformation groupoid S := {{x,s) : x G D s } with the composition 
and the inversion being given by: 

fas)(y,t) : = fast) if y = x.s 
(x, s) _1 : = (x.s, s*) 

Define an equivalence relation ~ on E as (x, s) ~ (y, t) if x = y and if there exists an 
e G E such that x G D e for which es = et. Let — E/ ~. Then ^ is a groupoid as 
the product and the inversion respects the equivalence relation ~. Now we describe a 
topology on Q which makes into a topological groupoid. 

For s G S and U an open subset of D s , let 9(s,U) := {[x, s] : x G U}. We refer to 
|Exe08] for the proof of the following proposition. We denote 9(s, D s ) by 9 S . 

Proposition 4.7. The collection {9(s,U) : s G S,U open in D s } forms a basis for a 
topology on Q. The groupoid Q with this topology is a topological groupoid whose unit 
space can be identified with E . Also one has the following. 

(1) Fors,teS, 9 s 9 t = 9 st , 

(2) Forse S, 9; 1 = 9 S *, 

(3) For s G S, 9 S is compact, open and Hausdorff, and 

(4) The set {l 9s : s G T} generates the C* -algebra C*(Q). 

We define the groupoid Q tight to be the reduction of the groupoid Q to E Ug ht- In 
|Exe08j . it is shown that the representation s — » lg s G C* (Ought) * s tight and any tight 
representation of S factors through this universal one. 

Proposition 4.8. LetT be the inverse semigroup considered in Proposition ^. 51 Denote 
the tight groupoid associated to T by Ought- Then 2l[iVxif, M\ is isomorphic to C* (Ought)- 

Proof. Let t a and v(m) be the images of s a and u(m) in C* (Ought)- By Proposition 
14.61 and by the universal property of Ought, it follows that there exists a homomorphism 
p ■ C*(0tight) -> %[N x H, M) such that p(t a ) = s a and p(v(m)) = u(m). 

Given a G P, the projections {u(k)e a u(k)~ l : k G M/M a } cover the projections in T. 
Since the representation of T in C* (Ought) is tight, it follows that 

v(k)(t a r a )v(k)- 1 = i 

k<LM/M a 

Now the universal property of %[N x H, M] implies that there exists a homomorphism 
o : 21 [AT x H, M] — > C*(0u g ht) such that cr(s a ) = t a and a(u(m)) = v(m). It is then clear 
that a and p are inverses of each other. This completes the proof. □ 
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We identify the groupoid Gtight explicitly in the rest of the article. 



5. Tight characters of the inverse semigroup T 

In this section, we determine the tight characters of the inverse semigroup T defined 
in Proposition 13.51 Let 

M := { (r ) G Yl M/M a : r ab = r a mod M a ) 

We give M the subspace topology induced from the product topology on Y\ a&p M / M a . 
Here the finite group M/M a is given the discrete topology. Then M is a compact, 
Hausdorff topological space. Moreover M is a topological group. Note that M embeds 
naturally into M via the imbedding r — > (r a := r). The map r — > (r a := r) is an 
imbedding since we have assumed that f] aeP M a is trivial. 

For b G P and k G M, the set := {(r ) E M : r b = k mod M fe } is an open set. 
Moreover the collection : 6 G P, k G M} forms a basis for M. If k G M then clearly 
k G C/^fc for any b G P. As a consequence, M is dense in M. 

For r G M, let 

A, := {/ G F : / > u(r a )e a M(r a ) _1 for some a G P}. 

In the next lemma, we show that for every r G M, v4 r is an ultrafilter and all ultrafilters 
are of this form. 

Lemma 5.1. For r G M, A r is an ultrafilter. Moreover any ultrafilter is of the form A r 
for some r G M. 

Proof: Let r G M be given. First let us show that A r is a filter. Clearly ^ A r . Also 
if fx — /2 and /2 G A r then /i G A r . Now suppose that /i, fa G A r . Then there exists 
a\, a2 G P such that > M(r a Je a .M(r a J _1 for i — 1, 2. Choose c G aiP fl a 2 P. Then by 
Lemma I3.1[ it follows that e c < e ai for z = 1,2. Since r G M, it follows that r c = r a . 
mod M a . for z = 1,2. Now observe that 

fifa > M(r ai )e ai M(r ai )~ 1 M(r a2 )e a2 M(r a2 ) _1 

= M(r c )e ai M(r c ) _1 M(r c )e a2 M(r c ) _1 

= u{r c )e ai e a2 u{r c y l 

> M(r c )e c u(r c ) _1 

Thus /1/2 G A r . Thus we have shown that A r is a filter. 
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Now we show A r is maximal. Let A be a filter which contains A r . Consider an element 
/ £ A. By definition there exists a £ P and scalars a k £ {0, 1} such that 

/ = ^ a k u{k)e a u{ky l . 

keM/Ma 

But both / and u{r a )e a u{r a )~ l belong to A and hence their product belongs to A. Thus 
the product /w(r )e ii(r a ) -1 is non-zero. This implies that a Ta = 1. Thus we have 
/ > w(^a)e a M(r a ) _1 or in other words / £ A r . Hence A = A r . This proves that A r is 
maximal. 

Let A be an ultrafilter. By Lemma [4.21 it follows that for every a £ P, there exists a 
unique r a £ M/M a such that M(r a )e ii(r a ) -1 £ A. Let r := (r a ). We claim that r £ M. 
Let a, b £ P be given. By Lemma I3.1[ we have 

(5.2) u(r a )e a u(r a )~ l = w(r a aA;a _1 )e ab u(r A;aA;" 1 ) _1 

keM/M b 

Since A is a filter containing M(r a )e a w(r a ) _1 and w(y a &)e a bM(r a b) _1 , it follows that their 
product is non-zero. This fact together with Equation 15.21 implies that there exists 
k £ M, such that r a t, = Ta^aka" 1 ) mod M a b. Thus r a b = r a mod M a for every a, 6 £ P. 
As a result, we have r £ M. Since A is a filter it follows that A r C A. We have already 
proved that A r is maximal. Thus A = A r . This completes the proof. □ 
The following proposition identifies the tight characters of T. 

Proposition 5.2. The map M : r — > Ar £ Ftight is a homeomorphism. 

Proof. It is clear from the definition that r — )■ A r is one-one. Let us denote this map 
by 0. We show <fi is continuous. Consider a net r a in M converging to r. We denote the 
indicator function of a set A by 1^. Let / £ F be given. Then there exists a £ P and 
scalars ct^ such that 

/ = ^akU^eauiky 1 

k 

Then we have 

lAra(f) = ^2®k5r S ,k 
k 

Since r" = r a eventually, it follows that l J 4 rQ (/) converges to lA r (/)- This shows that 
r — >■ A r is continuous. 

Now Lemma T5. II implies that has range Poo. Since M is compact, it follows that F^ 
is compact and hence closed. Thus Poo = Fu g ht- Thus <fi : M — > Poo is one-one, onto 
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and continuous. Since M is compact, it follows that is in fact a homeomorphism. This 
completes the proof. □ 
From now on we will simply denote A r by r and lA r {f) by r(f). 

6. The groupoid Qu g u of the inverse semigroup T 

In this section, we will identify the tight groupoid Qu g ht associated to the inverse 
semigroup. Throughout this section, we assume N = {J aeP a~ x Ma. By Remark 12.41 we 
can very well assume this. There is another natural groupoid which arises out of the 
following construction. 

For every a G P, the co-isometry s* will give rise to an injection on M and the unitary 
u(m) for m G M will act as a bijection on M. Thus we get an action of the semigroup 
M x P, as injections, on M. Now the space M can be enlarged to a space N and the 
action of M x P can be dilated to get an action of G = N x H on N. We can then 
consider the transformation groupoid N x G. But the unit space of Qught is M. Thus 
we restrict the transformation groupoid N x G to M and prove that it is isomorphic to 

Q tight ■ 

This dilation procedure has appeared in several works [See |LacOO] . [SLIObj ]. The 
basic principle goes back to [Ore31j . 

First let us explain the action of M x P on M. The action of M on M is by left 
multiplication as M is a subgroup of M. Let a G P and r G M be given. For b G P, 
choose c G aP D &-P and write c as c = aa = 6/3. We will use the notation as in Remark 
I3H Note that M c C M b and we denote the induced quotient map M/M c -)> M/M & by 
g6 jC . Define m b = ^(ti"^^))- First let us show that m b depends only on a and b and 
not on the choices made. 

Suppose Ci = aoti = and c 2 = aa 2 = 6/?2- Choose 7i, 72 G P such that CK171 = a 2 7 2 . 
Note that this implies cxji = c 2 7 2 . Now we have 




— 96,Ci7i( 7r Q: i7i ('"Q!i7i))- 

Note that the right hand side is constant for % = 1,2. Thus we have 

This shows that m& is well defined. We leave it to the reader to check that in = (mi,) G M. 
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On M, the action of P is the usual conjugation. From now on, we denote the element 
m by ara~ l . This way P acts on M injectively and continuously. This action of P 
together with the left multiplication action of M defines an action of M x P on M (as 
injective, continuous transformations). We leave the details to the reader. 

Lemma 6.1. For a G P, the kernel of the projection map M 3 (yj,) — > Ua G M/M a is 
aMaT 1 . 

Proof. By definition, it follows that aMa~ l is in the kernel of the a^ n projection. 
Now let y = (y^) be such that y a — 1. Since M is dense in M, there exists a sequence 
y n G M such that y n — >■ y in M. As M/M a is finite, we can without loss of generality 
assume that y n G M a for every n. Thus there exists x n G M such that y n = ax n a _1 . 
But M is compact. Thus, by passing to a subsequence if necessary, we can assume that 
x n converges to an element say x G M. Since conjugation by a is continuous, it follows 
that y n = ax n a~ l converges to axa^ 1 . But y n converges to y. Thus axa' 1 = y. This 
completes the proof. □ 

Now let us explain the dilation procedure that we promised at the beginning of this 
section. Consider the set M x P and define a relation on M x P by (x, a) ~ (y, b) if 
there exists a, (5 G P such that aa = /3b and axa~ x = (3y(3~ l . We leave the following 
routine checking to the reader. 

(1) The relation ~ is an equivalence relation. We denote the equivalence class con- 
taining (x,a) by [(x, a)]. 

(2) Let N := M x Pj ~. Then N is a group. The multiplication on iV is defined as 
follows. For a,b G P, choose a and (5 such that aa = (5b. Then 

[(x,a)][(y,b)] = [{axa~ 1 (3y(5~ 1 ,aa)] 

The identity element of iV is [(e, e)] where (e, e) is the identity element of M x P 
and the inverse of [(x, a)] is [(x _1 ,a)]. 

(3) The group N is a locally compact Hausdorff topological group when N is given 
the quotient topology. Here P is given the discrete topology. 

(4) The map M 3 x — > [(x, e)] G is a topological embedding. Thus M can be 
viewed as a subset of N. Moreover M is a compact open subgroup of N. 

(5) The map iV 3 a~ l ma — >■ [(m, a)] G is an embedding. When iV is viewed as a 
subset of iV via this embedding, N is dense in N. Also N (1 M = M. 

(6) Let a G P be given. Define a map <p a : iV — y N as follows. Given [(#, 6)] G A", 
choose a,/3 E P such that aa = (5b. Define <j> a ([(x,b)]) = a)]. One 
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checks that <f> a is well defined. Moreover for a G P, <\> a is a homeomorphism with 
(Z^ 1 given by 0~ 1 [(a;, &)] = [(sc, ba)). Note that </> a restricted to iV is the usual 
conjugation. Also 4>a4>b = 4>ab for a,b G P. For m G M , define ^ m : iV — )■ N as 
i/j m ([(x , a)}) = [(oma _1 i ,a)}. That is ^ m is just left multiplication by m. One 
also has the following commutation relation. For a G P and m G M, 

(7) Since we have assumed that iV = [J aeP a~ 1 Ma, it follows that any element of 
g G G = N x H can be written as g = a~ l mb with a,b G P and m G M. The 
map ar x mb —> 0~ 1 ^ m 06 is well defined and defines an action of G on N . If 
h = a~ l b G H and x G N, we denote <p~ 1 <j)b{x) as hxh~ l . If n = a~ 1 ma and 
x G iV, we denote 0~ 1, ?/' m a (x) as ni. 

(8) Note that N = {J aeP a' 1 Ma. 

(9) Universal Property: Let L be a locally compact Hausdorff topological group 
on which if acts by group homomorphism. Suppose that K is a compact open 
subgroup of L which is invariant under P and L = [j aeP aT x K. If : M — > K is 
a P-equivariant continuous bijection then the map N 3 a~ 1 xa — > a~ l .<p(x) G L 
is a topological isomorphism and is H -equivariant. 

Remark 6.2. It is not difficult to show by using (9) that N is the pro-finite completion 
of N when N is given the topology induced by the neighbourhood base {aMa^ 1 : a G H} 
at the identity. In |KLQ11| , the pro-finite completion model of N is used. 

When considering transformation groupoids, we consider only right actions of groups 
and thus we change the above left action of G on N to a right action simply by defining 
x.g = g~ 1 x for x G iV and g G G. Now consider the transformation groupoid iVxG 
and restrict it to M. We show that the groupoid Qu g ht of the inverse semigroup T is 
isomorphic to the groupoid N xi G\jj i.e. to the transformation groupoid N x G restricted 
to the unit space M. We will start with two lemmas which will be extremely useful to 
prove this. 

Lemma 6.3. If a± m\b\ = m^i then s* 1 w(rni)sb 1 = s* a2 u{m2)S} )2 . 

Proof. Suppose a^rriibi = m^y-i- Then aj" 1 m 1 a 1 = m^i and a^bi = a^ 1 ^- 
Choose 0i, fa G P such that (3ib\ = /?2^2- Then aia^ 1 = /Sf 1 /^ = bib^ 1 . Hence 
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fiimifi^ 1 = (3 2 m 2 [3 2 1 . Now observe that 

s* ai u(mx)s bl = s^uim^s^s^Sb, 

= s* a2 sl 2 u(l3 2 m 2 l3 2 ' 1 )s ( 3 2b2 
= s* a2 u(m 2 )s} 2 sp 2 s b2 
= s* a2 u(m 2 )s b2 

This completes the proof. □ 
Lemma 6.4. In Q tight , [(r, s* a u{m)fu{n)s b )\ = [(r, s* a u(mn)s b )]. 

Proof. First observe that [(r, s*)][r.s*, u(m)fu(n)s b ) = [(r, s*u(m)fu(n)s b )]- Thus 
it is enough to consider the case when a is the identity element of P. Now let s = 
u(m)fu(n)s b , t = u(mn)s b and e = u(m)fu(m)~ 1 . Observe that s = et. Thus ss* = 
ett*e. Hence r(ss*) = 1 implies r(e) = 1 and r(tt*) = 1. Moreover es = s = et. Thus 
[(r, s)] = [(r, t)]. This completes the proof. □ 

Now we can state our main theorem. 

Theorem 6.5. Let <p : N x G\jj — > G tight be the map defined by 

4>((x, a _1 mfe)) = [(x, s*u(m)s b )]. 
Then <p is a topological groupoid isomorphism. 

Proof. First let us show that is well defined. Let (x, a~ l mb) G iV x G\jj. Then by 
definition, there exists y G M such that m~ l axa~ l = byb^ 1 . Choose a and /3 in P such 
that c := aa = b(3. By definition, this means that 7i^(x a ) = q c {m) , K b Jy i g) . Now Remark 
13.41 implies that 

s*«(m)e6M(m) _1 s a > u(a; a )e a ii(x Q ,) _1 . 

Hence x(s*M(m)eb«(m) _1 s a ) = 1. Thus we have shown that <fi is well-defined. 

Before we show is a surjection, let us show that if [(x, s*w(m)sb)] G G tight then 
(x,a _1 m6) G iV x G\jf. To that effect, assume that x(s* a u(m)e b u{m)~ l s a ) = 1. Choose 
c G aP PI bP and write c = aa = bfl. By Remark I3.4[ it follows that there exists 
y G M/M/3 such that q c (m~ 1 )ir% l (x a ) = ^(l/)- This implies that the co-ordinate of 
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m^ x axa~ x is 1 i.e. the identity element of M/M&. Now Lemma 16.11 implies that there 
exists z G M such that m~ x axar x = bzb^ 1 . Hence (x, a~ l mb) G iV x G\jj. Surjectivity 
is then an immediate consequence of Lemma 16. 41 

Now we show is injective. Suppose [(x, s* u(mi)sb 1 )] = [(x, s* 2 «(m 2 )sb 2 )]. Then 
there exists a projection e G F such that ^ e(s* u(mi)s& 1 ) = e(s* 2 w(m 2 )sft 2 ). We can 
without loss of generality assume that e = w(r c )e c u(r c ) -1 . By Remark 13.61 and by reading 
the above equality in the regular representation, we immediately obtain a^bi = x 6 2 
and a^mibi = 1 m 2 &2- This implies that is injective. 

Now let us show that is a groupoid morphism. First we show that preserves the 
range and source. By definition, preserves the range. Observe that is continuous and 
this is a direct consequence of Proposition 15.21 Let 7 = (x, a~ l mb) G N x G\jf. Since 
M is dense in M there exists a sequence x n G M such that x n converges to x. Moreover 
the action of G on N is continuous and M is compact and open. Thus we can assume 
that (x n ,a _1 m6) G iV x G\j^ for every n. By definition, there exists y G M such that 
axa~ x = mbyb~ l . Also let y n be such that ax n oT x = mby n br x . 

To keep things clear, if z G M, we denote the character determined by z as Let 
v := s*u(m)s b . Now if can show that £r n .f = Cy n then it will follow from continuity of 
that £ x .v = £ y . Thus we only need to show that s((p(j)) = (p(s(j)) for 7 = (x, a _1 m6) 
with x G M. 

Now let (x,a _1 m6) G iV x with a; G M. Then there exists y G M such that 
axa -1 = mbyb~ l . Let t> = s*w(m)sb. To show ^.v = £ y , as ^ is maximal, it is enough 
to show that the support of £ y is contained in £ x .v. Again it is enough to show that 
w(?/)e c M(?/)~ 1 is in the support of £ x .v. Choose a, (3 such that aa = bc(3. Note that 

vu(y)e c u(y)~ 1 v* = slu{m)s b u{y)e c u{y)~ l slu{m)~ 1 s a 
= slu^mbyb'^ShecSluimbyb^Y 1 s a 
= s* a u(axa~ 1 )e bc u(axa~ 1 )~ 1 s a 
= u(x)s* a e bc s a u(xy 1 
> u(x)s* a e bc/3 s a u(x)~ 1 
= u(x)s* a e aa s a u(xy l 
= u(x)e a u(x)~ 1 G supp(^) 

Hence w(|/)e c M(?/) _1 is in the support of £ x .v. Thus we have shown that £ x .v = £ y . This 
proves that preserves the source. 
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Now we show preserves multiplication. Let 71 = (xi, mibi) and 72 = (x 2 , a^m^b^)- 
Since preserves the range and source, it follows that 71 and 72 are composable if and 
only if 0(71) and 0(72) are composable. Choose a, (3 G P such that (3bi = aa 2 - ■ Now 

0(7i)0(72) = [(xi,s* 1 M(m 1 )s fel < 2 u(m2)s 62 )] 

= [(x 1 ,sl ai u(f3m 1 f3' 1 )e aa2 u(am 2 a~ 1 )s ab2 )] ( by Eq. 0) 

= [(xi, s*p ai u((3mi(3~ 1 am2a~ 1 )s a b 2 )] ( by Remark [6. 4 j ) 

= 0(7i72)- 

It is easily verifiable that preserves inversion. 

For an open subset U of M and g = a~ 1 mb, consider the open set 

6(U,g) := {x G M : x.g G M} 

The collection {9{U, g)} forms a basis for Ny\G\jj. Moreover (f>(9(U, g)) = 9(U, s*u(m)sb)- 
Thus is an open map. Thus we have shown that is a homeomorphism. This completes 
the proof. □ 

Corollary 6.6. The algebra 21 [AT x H,M] is isomorphic to C*(N x G\jj). 

Proof. This follows from Theorem 16.51 and Proposition 14.81 □ 

7. Simplicity of %.[N x H,M] 

Let us recall a few definitions from [AD97] . Let Q be an r-discrete groupoid and we 
denote its unit space by Q°. The relation ~ defined by x ~ y if and only if there exists 
7 G Q such that 3(7) = x and r{pf) = y is an equivalence relation on Q°. A subset 
E C Q° is said to be invariant if given x G E and ?/ ~ x then y & E. For x G let 
£?(x) := {7 G £ : 5(7) = r(j) = x} be the isotropy group of x. 

A subset S C Q is said to be a bi-section if the range and source maps restricted to S 
are one-one. If S is a bisection, let as '■ r(S) —> s(S) be defined by as '■— s o r _1 . 

The groupoid Q is said to be 

• minimal if the only non-empty, open invariant subset of Q° is Q°. 

• topologically principal if the set of x G Q° for which Q{x) = {x} is dense in Q°. 

• locally contractive if for every non-empty open subset U of Q°, there exists an 
open subset V C U and an open bisection S with V C s(S) and as-i(V) not 
contained in V. 
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Conjugation by P on M gives rise to a semigroup homomorphism from P to the 
semigroup of injective maps on M. In |KLQ11| , the action of P on M is called an 
effective action if the above semigroup homomorphism is injective i.e. given h G H with 
h 7^ 1, then there exists s G M such that hsh^ 1 ^ s. In |KL Qll| , the following facts 
were proved about the transformation groupoid N x G. 

(1) The groupoid iV x G is minimal and locally contractive. 

(2) The groupoid iV x G is topologically principal if and only if P acts effectively on 
M. 

(3) Thus the reduced C*-algebra C* ed (N x G) is simple and purely infinite if P acts 
effectively on M. [Refer to |AD97] ]. 

Analogous statements hold for the groupoid Gtight associated to the inverse semigroup 
T. 

Remark 7.1. In |KLQ11| ; only the if part (in (2)) was proved. But then the other 
direction i.e. if N x G is topologically principal then P acts effectively on M is easy to 
verify. 

Also note that M is a closed subset of N which meets each G orbit of N. Moreover 
M is open as well. Hence by appealing to Example 2.7 in [MRW87J , we conclude that 
C*(N x G) and C*{N x G\ w ) are Morita-equivalent. 

We end this section by showing that 2l r [N x H, M] is isomorphic to the reduced C*- 
algebra C* ed (Q tight ) . 

Proposition 7.2. Let Q := N x G\jj. Then the reduced C* -algebra of the groupoid Q is 
isomorphic to 2l r [N x H, M] . 

Proof. Let e be the identity element of M. Define Q e := {7 G Q : r{^f) = e}. Then 
Q e := {(e,hm) : m G M,h G H}. Thus L 2 (Q e ) can be identified with t 2 {M) ®t 2 {E). 
Consider the representation 7r e of C* ed (Q) on L 2 {Q e ) defined as follows. For / G C C (Q), 
define 7r e (/) by the following formula. 

(t.(/)(0)(7) := E /(7^7i)e(7i) 

Since M is dense in M, it follows that the largest open invariant set not containing e is 
the empty set. Hence n e is faithful. 

For a G P and m G M, we let S a and U(m) be the images of s a and u(m) in C* ed (Q). 
Let {5 m (g) 5ft : m G M,b G if} be the canonical basis of £ 2 (M) <g) £ 2 (H). Consider the 
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unitary operator V on £ 2 (M) ® £ 2 (H) defined by 

V(5 m (g> S b ) := 8 m -i <g> 5 6 -i 

For a £ P and A; G M, we leave it to the reader to check the following equality. 

Vn e (S a )V*(5 m <g> 5 b ) = 5 ama -i g> <5 a6 

^7r e ([/(/c))y*(5 m ® 5 6 ) = S km ® 5 b 

Since {5 a : a G P} and {[/(A;) : A; G M} generate C* red {G), it follows that C* red {G) is 
isomorphic to 2t r [iV x if, M] . This completes the proof. □ 

We now show that Corollary 16.61 and Proposition 17.21 can also be expressed in terms 
of crossed products as in |KLQ11| . We need to digress a bit before we do this. 

Let g be an r-discrete, locally compact and Hausdorff groupoid. Let Y C G° be a 
compact open subset of the unit space. Assume that Y meets each orbit of G°- Let 

Q Y : = { 7 G Q : s( 7 ) G F} 
^: = {7^:«(7),r(7)ey} 

Since F is clopen, it follows that and t?y are clopen. Thus if / G C C (G Y ), then / can 
be extended to an element in C C (G) by declaring its value to be zero outside g Y . Thus we 
have the inclusion C C (G Y ) C C C (Q). Similarly, we have the inclusion C C {G Y ) C C C {G Y )- 
The algebra C C {G Y ) is a *-subalgebra of C C (G). 

The space C C {G Y ) is a pre-Hilbert C C (G Y ) C C*{G Y ) module with the inner product 
and the right multiplication given by 

< fx, H > (7) = £ /i(7i" 1 )/2(72) for 7 G fx, h e 

7172=7 

(/.£)( 7 ) = £ /(7i)p(7a) for 7 € £ y , / G C C (G Y ), g G C c (<£) 

7172=7 

Moreover there is left action of C C (G) on C C {G Y ) and it is given by 

(/•0)(7) = (/*</>) (7) 

= £ /(7i)0(7 2 ) 

7172=7 

for ieG Y ,fe C C (G) and G C c (£ y ). 

Now Theorem 2.8 and Example 2.7 of [MRW87] implies the following. The "com- 
pletion" of C C (G)-C C (G Y ) bimodule C C (G Y ) is a C*(G)-C*(G Y ) imprimitivity bimodule 
implementing a strong Morita equivalence between C*(G) and C*(G Y )- 
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Let us denote the completion of C C {Q Y ) by 8. For x, y G 8, let 9 x y be the compact 
operator on 8 defined by O x ,y(z) = x < y, z >. For x G £ , the operator norm of is 



|2 



The following proposition has also appeared in [Lil2j . (See Lemma 5.18 in [Lil2] .) 
The proof is exactly as in [Lil2j . We include the proof for the sake of completeness. 

Proposition 7.3. The inclusion C c {Qy) ^ C C {Q) extends to an isometric embedding 
from C*(Qy) to C*(Q). Also the inclusion C c {Qy) C C C (Q) extends to an isometric 
embedding from C* ed (Qy) to C* ed (Q). 

Proof. Let / G C C {Q Y ) be given. Consider / as an element of C C {Q Y ) C 8. Then 
Of j restricted to C C (Q Y ) is just multiplication by / * /*. Since 8 is a C*(Q)-C*(Q Y ) 
imprimitivity bimodule, it follows that 



2 

C*(G) 



|/*f 



\C*(G) 



l/ll! 

ir*/iic* 



(0?) 



IIO(<?£) 

For x G 0°, let := r _1 (o;). Consider £ 2 (£^) and let {5 7 : 7 G be the 

standard orthonormal basis. Consider the representation ir x of C C (Q) on £ 2 (Q^) defined 
by 

(7.3) T»(/)(&y) = E 

The reduced C*-algebra C* ed (Q) is the completion of C C {Q) under the norm ||.|| given by 
I re d = sup x£ go\\ir x (f)\\. (We refer the reader to [Ren09j .) 



Let QyP := {7 G C?^ : 5(7) G F}. If x G V, let 7r^ be the representation of C C (Q 



Y , 



on £ 2 (Gy^) defined by the same formula as in Eq. 17.31 Now observe the following. 

(1) Let 70 G g be such that 5(70) = x and r( 7o ) = y. Then U : t 2 (Q^) -> £ 2 (£^)) 
defined by £/(5 7 ) = <5 707 is a unitary. Moreover Un x (.)U* = 7T y (.). 

(2) Since Y meets each orbit of Q°, it follows from (1) that for / G C C (Q), \\f\\ r ed = 

sup|k*(/)ll- 

xeY 

(3) If x G Y, then write P(Q<d) as t 2 (Q^) = £ 2 (gP) © (£ 2 (^ ) )) ± . With this 
decomposition, for / G C C {Q Y )^ we have ir x (f) = 7T Y (f) © 0. 
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Now the above three observations imply that for / G C c (Qy), ||/||cr» (g^) = ||/||c; ed (g)- 
This completes the proof. □ 

Remark 7.4. T/ie representations used to define the regular representation in |Ren09] 
is different from what we have used. But the inversion map of the groupoid intertwines 
our representations with those used in [Ren09j . 

The C*-algebra of the groupoid iV x G is naturally isomorphic to Co (AT) x G . Let 
<P : C C (N) x G -> C C (N x G) be the map defined by 



(7.4) *(fU g )(x,h) 



f(x) if g = h, 
otherwise. 



for / G C C (N) and g £ G. Here {{7 S : (7 G G} denotes the canonical unitaries (corre- 
sponding to the group elements) in the multiplier algebra of C (N) x G. Then <E> extends 
to an isomorphism from Co (AT) x G onto C*(N x G) (Cf. Corollary 2.3.19, Page 34, 
[Ren09p . 

Let p := ljj- G C C (N) C Cq(N) x G where ljj is the characteristic function associated 
to the compact open subset M. Note that = ^jj x {e}- 

Proposition 7.5. The full corner p(Co(N) x G)p is isomorphic to 21 [AT x iJ, M]. Here 
the projection p is given by p = ljf. 

Proof. Let i : C C (N x G\jj) — > C C (N x G) be the natural inclusion. It is easy to verify 
that the image of i is l~M X j e \C c (N x G)l^ x r e i. Now from Proposition I7.3[ it follows that 
C*(N x G\jj) is isomorphic to ljg x | e j.G*(A^ x G)l-j^ x r e \. But we have the isomorphism 
<P : C (A 7 ) x G ->• C*(iV x G) with #(%) = l]g x{e} . Hence 21LY x if, M] is isomorphic 
to the corner ljj(C (N) x G)ljf. 

Let A = C (AT) x G. Then ApA is an ideal in A containing p — l^j. Note that for 
every g E G, x g := U g ljjljj G ApA. Hence l g jj = UgljjU* = x g x* G ApA. Hence 
for every g G G, 1 G ApA. Thus l a -i^y a G ApA for every a G P. Thus we have 
C C (N) C ApA (See Remark 17.61) and hence Co(A^) C ApA. As a consequence we have 
ApA = Co (AT) x G. Thus the projection p is full. This completes the proof. □ 

Remark 7.6. If K G N is compact then there exists b G P such that K C b~ l Mb. For 
{a~ 1 Ma : a G P} is an open cover of N. Thus there exists ai, 02, • • • , a n G P st/c/i i/iai 
if C ljr=i a^Mai. Choose b G DlLi -P a «- 27ien for every i, a^ l Mai C b~ l Mb. (Reason: 
M is dense in M and ba^ 1 G P). Hence K C b~ 1 Mb. 
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Remark 7.7. Using the second half of Proposition 7.3[ it can be shown that the C*- 
algebra %red[N x H, M] is isomorphic to the full corner ljf(C (N) y\ red G)ljj. We leave 
the details to the reader. 



8. Cuntz-Li Duality theorem 

The purpose of this section is to establish a duality result for the C*-algebra associated 
to Examples 12.71 and 12.101 This is analogous to the duality result obtained in |CL11] for 
the ring C*-algebra associated to the ring of integers in a number field. The proof is 
really a step by step adaptation of the arguments in |CL11] to our situation. 

Let T C GL n (Q) be a subgroup and let T + := {7 G T : 7 <G M n (Z)}. Assume that the 
following holds. 

(1) The group T = T+r; 1 = T+ 1 T+. 

(2) The intersections p| 7 Z n = f] 7 *Z n = {0}. 

7 er+ 7 er+ 

Let T°p := {7* : 7 G T}. Then T°p is a subgroup of GL n (Q). Also T satisfies (1) and (2) 
if and only if r op satisfies (1) and (2). If T contains the non-zero scalars then (1) and (2) 
are satisfied. 

For the rest of this section, we let T be a subgroup of GL n (Q) which satisfies (1) and 
(2). The group T acts on Q n by left multiplication. Let iVr := U 7 er + 7 _1 ^ n - Then by 
Lemma [2. 3 1 it follows that iVr is a subgroup of Q n and V leaves invariant. Consider 
the semidirect product iVr x T. Then the pair (N-p x T, Z n ) satisfies the hypotheses (CI), 
(C2) and (C3). Let us denote the C*-algebra %{N r x T, Z n ] by 2l r . 

Note that N r x T acts on W 1 on the right as follows. For (el™ and (v, 7) G iV r x T, 
let £.(t> , 7) = 7 -1 (£ — v ). This right action of iVr x T on W 1 gives rise to a left action of 
iV r x T on C (R n ) as follows. For g G N r x T and / G C (R n ), let (g.f)(x) = f(x.g). 

The main theorem of this section is the following. 

Theorem 8.1. The C* -algebras 2lr°p and C (IR n ) x (Nr x T) are Morita- equivalent. 

To prove this we need a bit of preparation. If 7 G T + , then 7 leaves Z n invariant and 

N r 

induces a map on the quotient — which we still denote by 7. Let 

Z n 

Yf Nr 

N r := {(z 7 ) 7er+ e [[ — : 5z l5 = for every 7, 5 G T+} 

761 + 
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N r 

We give -=— the discrete topology. The abelian group Nr is given the subspace topology 

nN T 
— — . The topological group N r is HausdorfT. 
Z ra 

Now we describe the action of T + on Nr. Let 7 G T + and z G Nr be given. For 
5 G r + , choose a, (3 G T + such that 7a = 5(3. Let (7.^)5 = ftz a . It is easily verifiable 
that 7 is a homeomorphism. The inverse of 7 is given by ( r y~ 1 z)s = z^s- This way T + 
acts on Nr and induces an action of T on Nr. 

Proposition 8.2. We have the following. 

(1) The map Nr {l~ 1 v ) 7 gr+ G iVr injective and is T -equivariant. Moreover, 
when Nr is viewed as a subset of Nr via this embedding, Nr is dense in Nr- 

(2) Let Mr := {z G iVr : z e = 0} is a compact open subgroup of Nr- Also the 
intersection Mr D Ar = Z ra . Hence Z n zs dense in Mr- 

(3) v4/so iV r = [J 7gr+ 7 _1 M r . ils a consequence, N r is locally compact. 

Proof. The fact that v — > (7 _1 f) 7 is injective follows from the assumption that 
f] 7 gr + 7^" = {0}- Let 7 G T + and v E N r be given. Let us denote the image of v 
in N r by We need to show that for 5 G T + , the <5^ n co-ordinate of 7. 5 is 5~ l ^v. 
Choose a and (3 in T + such that 7a = 5/3. Then by definition ('y.v)s = (3a~ x v = 5~ lr yv. 
Thus we have shown that the embedding N r (7 _1 i>) 7e r+ G A" r is T + -equivariant 

and consequently is T -equivariant. 

For 7 G T + and v G Nr, let 

U 1>v := {z G Ar : z 1 = v mod Z n }. 

Clearly the collection {U liV : 7 G T+, t> G A" r } forms a basis for Nr. Note that 7.1; G U y>v . 
Thus A^ r is dense in N r . 

For 7 G T+, let A" 7 := 7 _1 Z n . Note that for 7 e T + , | is finite. Now observe that 
M r = N r fl f| Thus M r is compact. Since the projection onto the e^ n co-ordinate 
is a continuous homomorphism, it follows that M r is an open subgroup. The equality 
Mr n At = Z n is obvious. 

Let z G A" r be given. Since Ar = IJ 7 gr + l~ l ^ n -, h follows that there exists 7 G T + 
such that 7^ e = 0. Then 7.2 G Mr- Thus Ar = U 7 gr+ 7 _1 ^r- As Ar is a union of 
compact open subsets, it follows that A" r is locally compact. This completes the proof. 
□ 
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Let N' and M' be the groups considered in Section O applied to the pair (iVr x T, Z n ). 
Let us now convince ourselves that the pair (N',M') is T-equivariantly isomorphic to 
the pair (JVp, Mr). Let 7, S G T + be given. 

z n z n z n 

Denote the quotient map Z n — > by q 1 . Then q 1 descends to a map — > 



7Z n "' ' " " 7<5Z n 7Z n 

which we denote by q 7t g. Multiplication by 7" 1 maps Z n injectively onto 7 _1 Z n and 

Z n 7 -1 Z n 

takes 7Z™ onto Z n . We denote the resulting isomorphism from > again by 

7Z n Z n 

7 _1 . Then we have the following commutative diagram where the vertical arrows are 
isomorphisms. 

Z n ?7,<S Z n 



7<5Z n 7Z' 
(7(5) - 1 



7- 1 



(7<J) _1 Z n 7" x Z n 



(8.5) Z " 5 Z " 

Recall that 

M' = {(^ 7 ) 7e r + e JJ — r : g 7 ,a(z 7 *) = z 7 } 
7er+ 7 

M r = {(2 7 ) 7e r+ G JJ : ^ = z 7 } 

7 er+ 

Let z : Z n — >■ M' be the embedding given by = (t>) 7 er+ an d j : Z n — )■ M r be the 
embedding described in Proposition 18.21 Then j(v) = (7" 1 f ) 7 er+ for t> G Z 71 . Now 
the commutative diagram 18.51 implies that the map (p : M' — > Mr given by ^((z^)) = 
( r -f~ 1 z y ) is an isomorphism and tp(i(v)) = j(v) for v G Z n . It is also clear that p is a 
homeomorphism. 

Claim: ip is r + -equivariant. First the embeddings i and j are T + -equivariant. Since 
(p o i = j, it follows that (p(j.i(v )) = 7.(^(4(1;)) if 7 G T + and u G Z n . Since i(Z n ) is 
dense in M' ( and the maps involved are continuous ), it follows that (p(j.x) = , y.ip(x) 
for x G M' and 7 G T + . 

Now since jV r = U 7 er+7" lM r and = U 7 er + 7 _lM '> Jt follows from the univer- 
sal property, as explained in Section 6 (item|9]), that the map 7 _1 x —> 7~V(x) (with 
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x G M') extends to a T-equivariant isomorphism from N' — >■ N r . □ 

Now we describe the Pontryagin dual of the discrete group N r . For x,£ G M n , let 
< x,£ >:= x*£ . If x,f e K n , we let xd x ) = e 2ni<x ^> . We identity W 1 with R» via the 
map £ — >■ x^- If £ ^ restricting x§ to iV r gives a character of N r . Moreover the map 
R n 3 £ — >■ £ is continuous. 

Let z G iV r °p be given. Let Xz '■ Nr — > T be defined as follows. For x G 7 _1 Z n for 
some 7 G T + , , let — e 2m<lx,z ^ f> = e 2m < :E .7^7>. it i s easy to verify that Xz is well 

defined and Xz is a character of iV r . Clearly N r o P 3 z — > Xz £ Nr is continuous. Note 
that if ^ G iV r o P and x G iV r then Xz(x) = e 27ri<x > z> . 

Proposition 8.3. The map * : 1R™ x ]V rop ->■ iV r defined by 

^{^z) = xa-z 

is a surjective homomorphism with kernel A = {(x,x) : x G iVr°p}- The induced map 

~ W l x N r °p — . , , . , . 

W : — > JMr is a topological isomorphism. 

Proof. Clearly ^ is a continuous group homomorphism and ^(A) = {1}. Now let 
us show that the kernel of \1/ is A. Let (£,z) be such that z) = 1. Then for every 
7 G T + and x G Z n , we have 

1 = X^~ lx )X-z{l^x) 

_ 27ri<x,(7*) _1 £> e -2iri<x,z 1 > 
_ e 27rj<x,( 7 t )- 1 C-2 7 > 

Thus for every 7 G r + , we have z 1 — (7') _1 £ G Z n . In other words, we have £ G iV r op 
and z = £ in iV rop . Hence (£,2) G A. Thus we have shown that the kernel of \& is A 
which implies that ^ is one-one. 

Next we claim R " x ^ r ° p is compact. Let A : R n x iV r °P ->■ R " x ^ r ° p be the quotient 
map. We also write \(£,z) as [(£,z)]. We claim that A([0, l] n x M roP ) = R " x f r ° p . This 
will prove that Rn x ^r°p j s com p ac t. 

Let [(£,-2)] be an element in the quotient R " * w r °p _ Choose v G Z n and 7 G T + such 
that z e = (7*) _1 v. Then [(£,2)] = [(£ - (7*)^ V - (7*) _1 v)]. Choose w E Z n such that 
£ ~~ (7*)~ 1- y — w G [0, l] n . Let £' = £ — (7*) -1 ?; — u> and z = z — (7*) -1 u — iy. Then 
£' G [0, l] n and 2' G M r °p- Moreover A(f , 2) = A(f', 2'). Thus the image of [0, If x M rop 

under A is «^2L. 
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The image of \I/ is a compact subgroup of N r and it separates points of N r ( The 
image of R n x {0} under \l/ separates points of Nr). Hence \P is onto. Since R x^W j g 
compact, it follows that ^ is a topological isomorphism. This completes the proof. □ 

Consider the semidirect product R n x T op where T op acts on IR n by left multiplication. 
The semidirect product M. n x r op acts on Nr = R on ^ e j-jg^ as follows. For 

[(£,z)] G Nr and (u, 7 ) G M n x T op , let [(£,*)].(«, 7) = [(7~ X (6 + «)> 7^)]- This right 
action of K n x T op on iVr induces a left action of R n x T op on C*(iV r ) = C(N~r). 

The crossed product C*(Nr) x (R n x T op ) is isomorphic to the iterated crossed product 
(C*(N T ) x R n ) x r op . (Cf. Proposition 3.11, Page 87, [WU07j .) But then the map 
r 3 7 — > (7*) _1 G T op is an isomorphism. Thus the crossed product (C*(N r ) xIR n ) xr op = 
(C*(N T ) x M n ) x T. 

Let us fix notations. Let r be the action of lR n on C*(Nr). Let f3 be the action of T 
on C*(N r ) = C(Nr), induced by the action of r op and the identification T = T op . For 
v G iVr, £ G M. n and 7 G T, it is easy to verify the following. 

r e (6 v ) = e' 2m< ^>5 v , 

where {5 V : v G Nr} denotes the canonical unitaries of C*(Nr). The action of T op on 
C*(Nr) x W 1 , induces an action of T ( via the identification r 3 7 — > ( 7 *) ) and let us 
denote it by 0. For 7 G T, and / G C c (M n , C*(N r )), we have 

^ 7 (/)(a;) = |det(7)|/3 7 (/(7 t x)). 

Now consider the crossed product C (R n ) x (JV r x T) = C*(R n ) x (iV r x T). Let us 
denote the action of iV r and T on C*(R n ) by tr and a. For u G N r , 7 G T and / G C c (M n ), 
we have 

K/)(0 = e 2m< ^ > /(0, 

(« 7 /)(0 = |det( 7 )|/(7 t 0- 

Denote the action of T on <7*(M n ) x N r by 5. For 7 G T, t> G iVr and / G C*(M n ), one 
has 

o^ifSv) = a 7 (/)<5 7 „. 
Let us recall the following lemma which is Lemma 4.3 in |CLllj . 

Lemma 8.4 ( |CLllj ). Let G be a locally compact abelian group and H be a subgroup 
of the Pontryagin dual G. Endow H with the discrete topology. Let a be the action of 
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H on C*(G) and r be the action of G on C*(H) given by Ch{f) = [g — > h(g)f(g)] and 
Tg (f) = [h -»■ h(-g)f(h)]. Then the map : C C (H,C C (G)) ->■ C C (G,C C (H)) defined 
by <j)(f)(g)(h) = h(—g)f(h)(g) extends to an isomorphism between C*(G) x CT H and 
C*(H) x T G. 

We are now ready to prove the following proposition. 

Proposition 8.5. The crossed products C (R n ) x (N r x T) and C(Nr) x (lR n x T op ) are 
isomorphic. 

Proof. It is enough to show that the crossed products (C*(lR n ) x^ N r ) x 5 T and 
(C*(N r ) x T M n ) x^T are isomorphic. We show that C*(R n ) x CT iVr and C*(N r ) x T ]R n are 
T-equivariantly isomorphic. Then the isomorphism between the crossed products will 
follow. 

Identify R n with R n via the map £ — > x$- (Recall that \£. is the character given by 
Xti x ) = e im<3> '£ > . ) Consider Nr as a subgroup of R n via the natural inclusion N-p C M n . 
Note that the action a of N-p on C*(lR n ) and r of R n on C*(Np) are exactly as in Lemma 

EH 

Thus Lemma El implies that C*(R n ) x CT iV r = C*(Np) x T R n . Let : C*(R n ) x^iVp -> 
C*(Np) x r IR ra be the isomorphism prescribed by Lemma [8^1 We claim is T-equivariant. 
First note that <j)(f5 v )(£) = e- 2iri< ^ v> f(^)5 v for / G C c (R n ) and v G N r . 

Let 7 G T be given. Now observe that 

PMfSvMO = |det( 7 )|/3 7 (0(/^)( T t O) 

= |det( 7 )|e-* ri <^>/(7 t 0^ 
= |det( 7 )|e- 2 -<^>/( 7 '0^. 

On the other hand, observe that 

0(^(A,))(O = 0K(/)M(O 

= e- 2m< ^ v> a 1 (f)(0^ 



'"■jV 

c- 5W<€ ' 7W> |det(7)|/(7*0« 



71; 



Hence for every 7 G T, /3 7 0(/<^) = <f>a^(f8 v ). Since {fS v : / G C c (M n ),t> G iV r } is 
total in C*(lR n ) x CT iVr, it follows that for every 7, /3 7 = 05^. In other words, is 
T-equivariant. This completes the proof. □ 

Proof of Theorem l8.ll By Corollary l6.6l it follows that 2lr°p is isomorphic to the C*- 
algebra of the groupoid Q := Np ov x [Np ov x r op )|^ rop . By Proposition 18.51 it follows that 
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C (IR n ) x (N r x T) is isomorphic to the C*-algebra of the groupoid Q := X r x (R n x T op ). 
We will show that Q and £7 are equivalent in the sense of |MRW87] . 

By Proposition I8.3[ Xr = R xN r o P w j iere ^ ._ : x E iVr°p}. Denote the 

quotient map R n x X rop -> R " x ^ r ° p by A. Let X := A({0} x M T o P ). Then X is a closed 
subset of G° and it is easy to verify that X meets each orbit of Q°. Let 

Gx ■= {a E G : s(a) E X} = s- l (X) 

We claim that the (restricted) source map s : Qx — > X and the range map r : Qx — >■ £7° 
are open. Let f/ C ^ be an open subset. Then s(Z7 fl £?x) = s(Z7) fl X. Since s : Q — > Q° 
is open, it follows that s : Qx — > X is open. 

Now we prove that r : Gx ^ G° is open. It is enough to show that r((UxVx {7}) f)Q x ) 
is open whenever U C R xNr°p anc j y j^n are p en anc [ ^, ^ p°p ^y e c ] a j m ^hat 

r((E7 x V x {7}) n g x ) = u n A(-y x 7 M r op) 

Let [(£,*)] E r((E7 x V x {7}) n Then there exists ([(r],y)],v,j) & U x V x {7} 
such that [(77, 7) E X and [(£,2)] = [(v,y)}- Thus there exists u E X roP such that 
7 -1 (£ + v) =u and 7 _1 z — m = x for some x E Mr°p- Hence [(£,2)] = [(— v,jx)]. Clearly 
[{£,z)] E U. Hence [(£, z)] E £7 fl A(-V x 7M roP ). Thus we have shown that 

r((c/ x \/ x {7}) nfe)cf/n X(-V x 7 M rop ). 

Now let [(£,*)] E C7 H A(-V x 7M rop ). Then there exists (u,ar) E V x M r » P such 
that [(£, z)] = [(— v,jx)]. This is equivalent to saying that [(£, z)]-(f, 7) E X. Thus 
([(M],i>,7) E ([/ x V x {7}) nfo and r([(f, 7) = (£,«)]■ This P roves that 
c/ n A(-y x 7 M ro p) C r((C7 x 1/ x {7}) n Gx)- 

This proves the claim that r((U xVx {7}) fl Gx) = U f) X(—V x ^M T o P ). Now since 
A is open and Mr°p is open, it follows that r((U xV x {7}) F\Gx) is open. Thus we have 
shown that r : Gx G° is open. 

Now by Example 2.7 of |MRW87j . it follows that G and Q§ ■= { a E Gx '■ r(a) E X} 
are equivalent. Recall that G = Ny°p x (Xr op x r°P) ^ The right action of N-po P x 
on X r ° P is given by x.(v ,7) = 7~ 1 (x — i>). Let $ : G — >■ <?x be defined by $(x,v,j) = 
([(0, x)], v, 7). It is easy to check that $ is a groupoid isomorphism and it is continuous. 
Now we prove that $ is a topological isomorphism. 

Let (x n ,v n ,j) be a sequence in G such that $>(x n ,v n ,j) converges to ([(0, x)], v, 7)). 
First note that x — > [(0,x)] is a topological embedding of M r o P into X r . Thus, it follows 
that x n converges to x in Mr°p. Now $(x„, t; n , 7) converges to [(0, 2)], t>, 7) implies that 
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v n tends to v in IR n and 7 _1 (x — v n ) tends to 7~ 1 (x — v) in Mr°p. Hence v n converges to v 
in Nr°p- Thus (v n , v n ) — > (v, v) in K n x Nr°p- But A is a discrete subgroup of M. n x iVr°p. 
Hence v n = v eventually. Therefore, (x n ,v n ,j) — > (x,t>,7) in Q. So, $ is a topological 
isomorphism. 

Since Q and Q are equivalent in the sense of |MRW87] , it follows from Theorem 2.8 in 
|MRW87] that C*(Q) and C*(Q) are Morita-equivalent. This completes the proof. □ 

8.1. Examples. We end this article by considering two examples. 

Example 1: First we show that the duality result for the ring C*-algebra associated 
to number fields obtained in |CL11] can be derived from Theorem 18.11 

Consider a number field K of degree n. Denote the ring of integers in K by Ok- Let 
{w\, W2, ■ ■ ■ , w n } be a Z-basis for Ok- Then {wi, w 2 , • ■ ■ , w n } is a Q-basis for K. Identify 
K with Q n via the map f3 : Q n 3 (xi,x 2 ,-- - ,x n Y — > YM=\ x i w i e K- By definition, 
/3(Z«) = K - 

If a G K, then a acts on K by left multiplication and is Q-linear. Thus a gives rise to 
a matrix with respect to the basis {u>i, w 2 , ■ ■ ■ ,w n } which we denote by a (a). Explicitly, 
for 1 < j ' < n, let 

n 

(8.6) awj := aij(a)Wi. 

i=i 

Let a(a) := (ajj(a)). Then a : K — > M n (Q) is an injective ring homomorphism. We 
also have the following equivariance. For a £ K and x £ Q n , (3(a(a)x) = af3(x). 

Let T := a(K x ). Then T is a subgroup of GL n (Q). Now the pair (K x K X ,0 K ) is 
isomorphic to (Q™ x r,Z n ). Thus the ring C*-algebra associated to Ok is nothing but 
2l[Q n x r,Z n ]. Hence Theorem 18.11 applies. The only thing that one needs to verify 
is f] ae o K a ( a Y'^ n is trivial. Since f] aeOK clOk = {0}, it follows that f] aeOK a(a)Z n = 
{0}. We produce a matrix X with rational entries whose determinant is non-zero and 
Xa(a)X~ l = a(aY for every a £ K - Then it will follow that H a(afZ n = {0}. (See 

aeO K 

also Lemma [8.81 ) 

Let Tr : M n (Q) — > Q be the usual trace and let tr := Tr o a. Denote the n x n 
matrix whose entry is tr(wiWj) by X. Then X has determinant non-zero and its 

determinant is called the discriminant of the number field K. 



Lemma 8.6. For every a £ K, Xa(a)X 1 = a(a)*. 
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Proof. Fix a G K. Let Y = (tr(aWiWj)). Multiplying Equation 18.61 by Wk and taking 
trace, we get 

n 

= y^, a ij( a )Xik 

In other words, we have Y = a(a)'X. But Y and X are symmetric. Thus taking 
transpose, we get Y = Xa(a). Hence Xa(a) = a^afX. This completes the proof. □ 
Let Aqo denote the ring of infinite adeles associated to K. 

Theorem 8.7 ( |CLllj ). For a number field K, the ring C*-algebra %{{K x K x ,Ok] is 
Morita- equivalent to Co(Aoo) x (K x K x ). 

Proof. Note that for T = a(K x ), N r = Q n and iV r op = Q n ( since T contains 
the diagonal matrices with rational entries). Thus Lemma 18.61 implies that the matrix 
X = (tr(wiWj)) implements an isomorphism between the dynamical systems (M. n , Q™ x T) 
and (M n ,Q n x T op ). The map 

(m«,q w x r) 3 (e, (i;, 7 )) ^ (X£, (X«, 7 *)) e (^ n ,Q n x r op ) 

is the required isomorphism. (Note that T is commutative.) 

Consider the map 5 : E n 3 (x\, x 2 , ■ ■ ■ , x n ) — > ^2 i=1 XiWi G A^. Then from standard 
number theoretic arguments, ( for example, using Theorem 13.5 (page 70) and Theorem 
4.4 (page 110) in [Jan96j), it follows that 5 (together with identifications a and 0) 
implements an isomorphism between (A^jK x K x ) and (R n ,Q n x T). Now Theorem 
18.11 yields the required result. This completes the proof. □ 

Example 2: Let A be an n x n matrix with integer entries such that det(A) ^ 
and f£=o^ rZ " = {°}- Let r := i Ar ■ r e Z} = Z. Denote the subgroup N r by N A 
and the Cuntz-Li algebra 2l[A^p x T, Z n ] by 21^. Denote the transpose A 1 by B. Then 
T°p = {B r : r G Z} = Z. 

We claim that the duality result is applicable to this example. The only thing that 
needs verification is f]^L B r 7/ 1 = {0}. This follows from the following lemma. 

Lemma 8.8. Let A be a n x n matrix with integer entries and denote A 1 by B. Then 
rr=o A r Z n = {0} if and only if f|~ B r Z n = {0}. 

Proof. Since A and B are similar over Q, it follows that there exists Y G GL n (Q) such 
that YAY^ 1 = B. Choose a non-zero integer m such that X = mY G M n (Z). One has 
X/l = BX. By induction, it follows that XA r = B r X for every r > 0. First note that 
it is enough to show that fX° =0 A r Z n ^ {0} implies fX° =0 B r Z n ^ {0}. 



CUNTZ-LI RELATIONS, INVERSE SEMIGROUPS AND GROUPOIDS 35 

Suppose v is a non-zero element in f]^L A r 7L n . Then 

oo 

Xv G p| XA r Z n 

r=0 

oo oo 

= p) B r XZ n C P B r Z n . 

r=0 r=0 

Since X is invertible over Q, it follows that Xv is a non-zero element in f)^° =0 B 7 "!* 71 . 

Thus if fl^Lo Arzn {°} then CV=o BT%n {°}- This completes the proof. □ 
Now Theorem 18.11 and Proposition 18.51 implies the following proposition. 

Proposition 8.9. The C* -algebra 2U* is Morita- equivalent to C (M. n ) x (Na x Z). .A/so 
SU« is Morita- equivalent to (C*(N A ) x ^ n ) x Z. 

Proposition 18.91 for the case when n = 1 and A = (2) was proved in |SL10aj . In 
this case, the C*-algebra 2t^t = 21,4 is the C*-algebra Q2 considered in |SL10aj . The 
subgroup |Jr=o 2 _r Z is denoted Z[|] in |SL10aj . The Morita equivalence between Q 2 and 
C (R) x (Z[|] x (2)) is called the 2-adic duality theorem in jSLlOa] . (Cf. Corollary 5.5 
and Theorem 7.5 in [SLIOaJ.) 
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